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INTRODUCTION 
A group G is said to be factorizable if G = AB with A, B proper 
subgroups of G. The general problem is to obtain information on the 
structure of a factorizable group G = AB, under suitable restrictions on A 
and B. 
The aim of this paper is to prove the following: 
THEOREM. If G = AB is a finite factorizable group, where Z(A) and 
Z(B) are both subgroups of even order, then G is not a nonabelian simple 
group. 
This theorem offers a partial confirmation of Szep’s conjecture [20], that a 
factorizable finite group G = AB is not simple if Z(A) # 1 # Z(B). Many 
authors proved this conjecture under additional assumptions on A and B. 
For instance, the following typical well-known results: 
THEOREM 1 (Burnside [6]). A group G, which is factorizable by two 
prime power groups is solvable, in particular G is not simple. 
THEOREM 2 (Burnside [6]). A group G of composite order, in which the 
number of elements in some conjugate class is of prime power order is not 
simple (clearly G = AB with Z(A) # 1 and B a p-group). 
THEOREM 3 (Kegel and Wielandt [ 141 and [22]). If aftnite group G is 
the product of two nilpotent subgroups, then G is not simple, furthermore G is 
solvable. 
Other approaches to SzCp’s problem can be found in [ 1,7, 10-13, 
15, 16, 18-211; this is only a partial list. 
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PRELIMINARIES 
Our notation is standard and is taken mainly from [8]. We prove our 
theorem using the classification theorem of the simple groups, which is now 
completely known. If G is a simple group of Lie type (normal or twisted) of 
characteristic p, defined over the Galois field GF(q) with q = p”, then the 
configuration of the centralizers of the involutions in G is obtained from 
[3,5]. Information about the centralizers of involutions in the Sporadic 
groups we obtain from [4,9]. Henceforth we will denote by a a natural 
number divisible only by powers of 2, q, (q - 1), and (q + 1). The symbol 8 
will always be an involution in G. The symbol - will denote group 
isomorphism. Throughout this paper X is a “component” in C(0) will mean: 
there is a subgroup H c CAut(qj(0) with the property: there is a 
homomorphism o of H onto X such that IKer (01 /C,(e): C,(0) n HI ) a and 
X is a semisimple group. To prove the theorem we need the following 
lemmas: 
LEMMA 1. If n > 2 and a, b, are relatively prime integers satisfying 
) a I> 1 b 1 + 1 > 2, then there is always a prime p which divides (a” - b”) but 
not (a’ - b’) with i < n, unless either n = 3, a = f 2, b = ‘F 1 or n = 6, 
a = f 2, b = f 1 [2]. 
LEMMA 2. If a prime p divides (a”+’ - 1) and also (a” + l), where a is 
an integer, s and n are natural numbers, then p = 2. 
Proof Suppose there exist s, n E N, a E Z, and a prime p # 2 such that 
pi (a*‘+l- 1, a” + 1), then azSt’ E l(p) and a” E -l(p), and a’” = l(p). 
Now if K = Ord,(a), that is p ] (a’ - 1) and ~{(a’ - 1) for every 1 < IC, then 
(1) IC 12s + 1, (2) K ) 2n and 3) tckn. 
From (2) and (3) we conclude that rc is even, from (1) K must be odd, a 
contradiction. 
We will use these lemmas freely without explicitly mentioning them. 
The following proposition is the principal step in the proof of our main 
theorem. 
PROPOSITION. Let G be a Jinite simple nonabelian group, G # Alt(n), 
where n, n - 1, n - 2, n - 3 are not primes. Then there exists an odd prime r 
which divides 1 Gj, but not ( C,(O)l for every involution 8 E G. 
Proof of the Proposition. Type A,(q), 12 1. 
(1) l= 1, q > 4. A Sylow p-subgroup S, of A,(q) is an elementary abelian 
group such that CA,(&) E S, f or every x E S,X [8, 2 Theorem 8.2(i)]. It 
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follows that if q # 2”, then, in particular, pkl C,(O)1 for every 8 E G, and if 
q = 2”, then 1 C,(O)1 = 2” for every 8 E G. 
(2) 12 2. The “components” in C(O) may be 
(a) Ai-l(q)A[-2i(q)T 1 < i < l/T 4 = 2”~ 
(b) A+,,,,(q), i = (I+ 1)/2 E N, q = 2”, 
(c) Al-,(q)Alwi(q), 1 <i< (I+ 1)/2, q odd (i even or q- 1 
(2 1 1 + 1 I*) and i odd), 
(d) A+,,,,(q*), i= (1+ 1)/2 EN, (14 - 1 I2 < II+ 11, and i even or 
q=--1(211+1I,)andiodd). 
If q or 1 is even, or if none of the conditions in (d) hold, then 
i cmi I a Ii (4s - 112. 
s=2 
By Lemma 1 if G + A,(2) we can choose r such that I I (q’+ ’ - 1) and 
r)i (qs - 1) for every s < 1 + 1. Then r ( IA ,(q)l and r%l C,(O)1 for every 8 E G. 
If G -A,(2) we have that (25 - 1) = 31 1 IA, 2)l 
0 E G. Finally if q and 1 are odd, then (q’ - ‘i 
and 31%ICG(B)I for every 
1) I(C,(/3,)[ iff i = 1 and by (c), 
it is also necessary, that q = 1 (2 II+ 1 12), that is lq - 1 I2 > 2 II+ 1 Iz and 
qf-1 Gllf 112) in contradiction to both conditions in (d). So that the r 
defined above satisfies the proposition. Thus if (1+ 1)/2 is even and 
II+ 11 > l4- 112 or if (I+ 1)/2 odd and q = I(2 II+ 1 12), then 
I C,(S)i( a nl’=+,1)/2(q2j - 1) nf:i(qj - 1). Now if we choose r I (q’ - 1) and 
r%(qS - 1) for every s < 1, then q’ E 1 (r) and q’+ ’ = q(r); it follows that 
rJ((ql+’ - 1) and we conclude that r 1 IA,(q)1 and r%l C,(O)1 for every 0 E G. 
Type 2AI(q), 12 2. 
In this case it is possible to find the following “components” in C(8): 
(4 2Ai-1(q) 2Al-2i(4)9 1 < i < l/2, 4 = 2”, 
@I 2AcI-1),2(q), i = (1+ I)/2 E AC q = Y, 
(c) 2.4i-,(q) 2A,-i(q), 1 < i< (I+ 1)/2, q odd (i even or i odd and 
4=- IGIl+ 11211, 
(cl) A(,-,,,,(q’), i = (I+ 1)/2 E N (i even and lq + 1 I2 < II + 1 I2 or i 
odd and q G 1(2 I 1 + 1 12)). 
As in the case where G is of type A,(q), we have the following: 
If q or 1 is even or if neither ot the two conditons in (d) are satisfied, then 
icml a nfE2cd - w-92. 
From Lemma 1 we can choose r such that r I (q’+ ’ - (-l)‘+ ‘) and 
r$l C,(e)l, and then r is the desired prime. In the remaining case q and 1 are 
odd and either lq+ 11, <II+ 11, or q= 1 (2/l+ 112). In both circumstances 
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(q + 1) f 0 (2 ] I + 1 12) and then in (c) i is even, 2 < i < l/2 and l/2 < I- i < 
I- 2. We obtain that (C,(S)] 1 a nj?t)‘* (q” - 1) nf;: ($ - (-l y’). Now 
we choose r 1 (q’ - (-1)‘) such that r%(q” - (-1)‘) for every s < 1. In this 
case 1 is odd, therefore q’ s -l(r) hence q’+’ E -q(r). Then r] ] *A,(q)/ and 
r%I C,(d)1 for every 0 E G. 
Type B,(q), 12 2. 
The possible “components” in C(0) are 
(a) Bi/2(q) B,-i(q)3 i even, 
@I Bci-2)/2(q) B,-dq), i even, 
(C) Bci-1)/2(q) B/-i(q), i odd, 
for 2 < i < 1, q even (under certain condition [3]); and 
(d) Bi-,(q) D/-i+ 1(q), 4 E l(4) or I- i + 1 even and q = - l(4), 
l<i<l-1, 
(e) II-,(q) 2D,-i+1(q), l-i+ 1 odd and q-- l(4), 1 <i<l- 1, 
(0 B,-,(q), q odd. 
If either q is even or ir q = l(4), then by a simple calculation we obtain that 
]C,(S)]] a nf=i (q’ - 1) nj;: (q*’ - 1)2. Next, choosing r such that 
r I (q*’ - 1) but r%(q” - 1) when s < 21, we obtain that the prime r is coprime 
to I C,(tY)l. By Lemma 1, r exists except if I= 3 and q = 2 in this case we 
take r = 7, 7 ] ]B,(2)1 but 7%]C,(f9)]. If l- i + 1 is even we write (q’-‘+I - 
(-l)‘-i+‘) instead of (q’-‘+’ - 1); and we deduce that if q z - 1 (4), then 
Therefore there is a prime r which divides (q21 - (-1)2’) but not IC,(e)l for 
every 0 E G. 
Type 2B2(22”+1’. 
In these groups C,(e) are 2-groups [8, 16.41. 
Type C,(q), 12 3. 
If q = 2” it is known that C,(q) N B,(q). Now if q is odd the possible 
“components” in C(B) may be 
(a) Ai-,(d9 q = l(4), 
(b) *A I- As), q = - 1 (4), 
(c) C,-,(q) C,-I+ d4), 2 < i < (1 + l)Pv 
(4 C,,,(q) CwW 
If q E 1 (4) we obtain ] C,(B)] ( a I-I:=, ($ - 1) Hi:: (q” - l)*. In this case 
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we choose r 1 (4” - 1) and rJi(qS - 1) for every s < 21. If q = - 1 (4), it is 
easy to see that 
IC,(fq a fi (4’-(-l)Jj’ti (q”- 1)’ 
j=l j=l 
Now we choose r 1 (q” - 1) such that rk(qs - (-l)S) for very s < 21. 
Type D,(q), I> 4. 
(1) q odd, 1 even. 
The following are the possible “components” in C(0): 
(a> A,-,(q), 4 = l(4), 
(b) *&,(q), q = -l(4), 
(c) D,-,(q), q = l(4), l> 6, 
(d) 2D&q), q = -l(4), 12 6, 
(e) Di-l(q)Dl-i+l(q), 3 < i< l/2, f> 6 (i odd or i even and 
4 = l(4)), 
(f) 2Di-I(q) 2D,-i+1(q), 4<i<1/2, 126, i even, and q--1(4), 
(g) D,,,(q) D,,,(q), i = (I + 2)/2 (i odd or i even and q = l(4)), 
(h) 2D,,2(q) *D,,,(q), I> 6, (1+ 2)/2 even, and q = -l(4). 
If q = l(4), then IC,(@ 1 a nf=* (qj- 1) nf:: (q’j - 1)‘. Then we 
choose r 1 (q’“- ” - 1) and rt(qs - 1) for every s < 2(1- 1). If q z -l(4), 
assuming i is even, then (I - i + 1) and (i - 1) are odd and (qiml + 1) = 
tqi-* _ (-l)i-1). s uppose that i is odd, then (I - i + 1) and (i - 1) are even 
and (q’-’ - 1) = (qi-’ - (-l)i-‘). Hence IC,(e)( 1 a nfz2 (q - (-ly’) 
nf;: (q’j- 1)‘. Choosing r 1 (q*“-” - 1) and r)i(qs - (-1)“) for every 
s < 2(Z-- l), we find the required prime. 
(2) q odd and 1 odd. 
Now the possible “components” in C(0) are 
(a> A,-dqh q = l(8), 
tb) D,- Ad, 
(c) 2Dl-,(q), 4 =-l(4), 
td) Di-1(q)o,-i+1(q), 3 Gi< (I+ 1)/2, 
te> 2oi-1(q) 2D,-i+1(q)9 3 < i < (l+ 1)/29 4 E -l(4). 
Ifq~1(4),thenIC,(B)IIan:=2(qj-1)nf=:(q2~-1)2andinthiscasewe 
choose r, using Lemma 1, satisfying r I (q*“-” - 1) and r,jlC,(B)I. If 
q--l(4), then IC,(O)lI onjri(q2j- l)* =an!::(qj- 1)2(qj+ l)*. By 
Lemma 1 we can find a prime r such that r I (q’- 1) and rt(qS - 1) for 
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every s < I. Using Lemma 2 we obtain rJ;(qS + 1) and then r 1 (D,(q)1 (where 
q and I are odd) and r,/‘]CG(0)I. 
(3) q even. 
In this case it is possible to find the following “components” in C(8): 
(a> Bip(q) Dl-i(S)~ 
@I B(i- 1)/2(q) B,-i(q)T 
i even 2 < i < 1, for specific conditions see [3]. 
And then we obtain that [C,(O)/ ) a nj:f(q’” - 1)‘. Suppose G + D4(2). 
Then we choose r ] (q’“-” - 1) such that rk(qs - 1) if s < 2(1- l), and 
I = 7 if G N D,(2). Then r 1 (0,(2”)) and rk] C,(O)] for every 19 E G. 
Type ‘&(q), 12 4. 
(1) q even. 
In this case only the following “components” (under specific conditions 
[3]) may appear in c(e). 
(a> Bi/2(q) 2Dl-i(q)v 2 < i < 1, i even, 
(b) B(i-,),,(q) B,-i(q), 2 < i < 6 i even. 
We obtain that ]C,(O)( 1 a nj;:(q” - 1)’ and the prime r will be the one 
satisfying r I (q2”-” - 1) and r,/‘(qS - 1) for every s < 2(Z - l), with r = 7 
for 1= 4, q = 2. 
(2) q odd, 1 even. 
The following “components” may appear in C(0): 
(a) 2k k7>, 
(b) D,- l(q), 
(C) 2oi-I(q)Dl-i+l(q)v 2 < i < l/Z 12 69 
(d) oi-l(S) 20,-i+1(q), 2 < i < l/Z 12 6, 
(4 24,2(4) Q12(d. 
Since 2 < i < Z/2 implies that I - i + 1 < I - 2 and 2(i - 1) < I- 2, it follows 
that I C,(S)] 1 a nj:: (q*j - 1)‘. 
By Lemma 1 we can find a prime r such that r I (q2j - 1) and rt(qs - 1) 
for every s < 21. Then, in particular, rJi(q’ - l), which implies that 
r I (4’ + 1) and r%l CA@l- 
(3) q odd, E odd. 
Now the “component” in C(e) may be of type 
(a) 2Al-,(q), q = -l(8), 
(b) D,- I(s), 
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(cl *~l-,(d, 4 = l(4), 
(d) 2Di-I(q)D~-i+I(q), 3 <i< (I+ 1)/2 (i even or i odd and 
4 = l(4)), 
(e) DipI 2D,-i+1(q), 3 < i< (1+ 1)/2 (i odd or i even and 
q EE l(4)). 
In cases (d) and (e) 4 < 2(i- 1) < 2((1+ 1)/2 - 1) = 1-- 1 and 
2(1- i + 1) < 2(1- 2). Therefore if q & -l(8) we have that 
I c,(e) 11 a n;:: (4” - 1 I*, and the situation is similar to the previous case 
(2). 
In the remaining case, that is, when q = -l(8), only cases (a), (b), (d) 
with i even and (e) with i odd occur. Note that if i is even then 
(i - 1) is odd and (qi-’ + 1) = (qi- * - (-l)‘-I), 
(I- i + 1) is even and (q’-‘+’ - 1) = (ql-‘+l _ (-l)[-i+l); 
and if i is odd then 
(i - 1) is even and (q’-’ - 1) = (qipl - (-l)‘-I), 
(1- i + 1) is odd and (q’-‘+’ + 1) = (q’-‘+I - (-l)-i+1), 
and we obtain that 1 C,(O)1 1 a nf=* (qj - (-l y’) nj:$ (q*j - 1)‘. Therefore 
we can choose r such that T 1 (q*“-” - 1) and r,j’(qs - (--I)‘) for every 
s < 2(Z- 1). 
Type 3D4(q). 
The “components” in C(0) may be 
(a> Al(q3)Al(q), q odd, 
@I A,(q), q even, 
Cc> A,(q3), 9 even. 
And we see that I C,(O) I 1 a(q* - l)(q6 - 1). 
Choose r so that r I (4” - 1) but r$(qs- 1) for 1 <s < 12. Since 
4 12-1=(q8+q4+l)(q4-l), then rj(q8+q4+1). Thus rl13D4(q)l and 
rl I G(a 
Type E6(q)* 
The “components” in C(O) may be, for q odd, 
(4 4(q)4(d7 
(b) D,(q), 
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for q even, 
Cc) A l(4) A *@I)9 
(d) B,(q), 
(4 A5W 
Here IC,(O)l ) a(q’ - 1)‘(q3 - l)(q4 - l)(q’ - l)(q6 - l)(q* - 1) and we 
choose r such that T 1 (4” - 1) and rj(qs - 1) if s < 12. 
Type ‘E,(q). 
Now the “components” in C(O) may be, for q odd, 
(4 ‘D,(q), 
(b) A l(s) *4(q), 
for q even, 
cc> Al(q 
(4 B,(q), 
W *A 5(d. 
We obtain that [C,(e)/ 1 a(q* - 1)*(q3 + l)(q4 - l)(q’ + l)(q6 - l)(q* - 1) 
again we choose r such that r 1 (q’* - 1) and rj’\C,(B)I. 
Type Wq). 
The “components” in C(B) may be, for q odd, 
(4 A d4) D6(dT 
(b) &(q), q = l(4), 
(cl 2E6(q), 4 = -l(4), 
(d) A &Iv q = l(4), 
(e) *A,(q), 9 =--1(J), 
for q even, 
(0 ~6(4)~ 
(g) A l(4) B,(q), 
(h) A l(q) B,(q), 
0) F4(d7 
0) B,(q). 
Then if q s l(4), IC,(S)l 1 a(q6 - l)(q’* - 1) njf,(qj - 1) and we choose r, 
such that r I (q18 - 1) and rk(qs - 1) when s < 18. 
If q--l(4), IC,(0)(Ia(q6- l)(q’*- l)n,1!!2(qj-(-1)$ we choose r 
such that I ( (q18 - 1) and rk(q” - (-1)‘) if s < 18. And last if q is even, 
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then IC,(S)( 1 a(q* - 1)‘(q3 - l)(q4 - l)(q’ - l)(q6 - l)*(q’ - l)(q’O - 1) 
(q’* - 1) and r may be the same as in the case q = 1 (4). 
Type Gd. 
The following are the possible “components” in C(B), for q odd, 
(4 W7)9 
@I A l(q) 4(q), 
for q even, 
(cl E,(q), 
(4 B6(!?), 
(4 p,(q) A dsh 
@I B,(q). 
Here (C,(B)( ( a(q* - l)(q* - l)(q” - 1) nSz2(q2j - l), and we choose r 
such that r 1 (q3’ - 1) and rk(q” - 1) for s < 30. 
Type F4(d 
In this case we can find “components” in C(B) as follows: for q odd, 
(4 B,(q), 
(b) A l(q) C,(q), 
for q even, 
In all the situations IC,(tY)i 1 a(q* - 1)*(q4 - l)(q6 - l)(q’ - 1) and we 
choose r, such that r ) (ql* - 1) and rkl C,(e)j. 
Type *F,(2*“+‘). 
The only possibilities for “components” in C(e) are 
(4 A,(q) 
(b) ‘&(q). 
In this case ) C,(S)1 ) a(q4 - 1). Since (q6 + 1)) I 2F.,(22ni’)l, if we take r such 
that r ( (q’* - 1) and r,j’(q” - 1) for s < 12, it follows, in particular, that 
r11b.f - 1) and then rlW+ 1) and r~lC,(O)l. Note that 
) V,(2): V,(2)’ ) = 2, so that the r defined above satisfies the proposition. 
Type G,(q). 
The “components” in C(B) may be 
(a> Al(q) q odd, 
(b) A,(q), 4 < q even. 
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It is known that if q = 2, then ] G : [G, G ] = 2 and [G, G] - ‘A 2(3). If q # 2, 
then 1 C,(O)] 1 a(q’ - 1)‘. Now (q” - 1) 1 GI and we can choose r 1 (q6 - 1) 1 
and rk(qS-- 1) ifs < 6. 
Type ‘G,(3’“+‘), n >, 2. 
Here we have only one type of centralizer with “component” A 1(q). Let 
r I (q6 - 1) but rJ;(qS - 1) for 1 < s < 6. Then r ( IG], but rk]Cc(0)l. 
Sporadic type. 
If G is a simple group of Sporadic type by simple computations we see 
that there is at least one prime r in I G( which is coprime to all the 
centralizers of involutions in G [4,9]. We may also employ [23] to verify 
this assertion. 
Type Ah(n) nE {p,p+ l,p+2,p+3/p a prime}. 
It is known that Alt(5) -A,(4), Alt(6) - A,(9), Alt(8) -A,(2) and 
7111 CM,(,, (O)( for every 0 E Alt(7). Now we will prove that if n > 8, then 
p~IC,(0)l. If B is an involution in an alternating group then we can write 8 
as a product of an even number of disjoint transpositions. Without loss of 
generality, assume that 8, = (1, 2)(3,4) . .a (2Z- 1,21), 1 even 2 < 1< n/2. 
(1) I Cs,(BI)I 1 2’1! (n - 21)! It is known that CAltJO,) - [(Z, wrS,) x 
S,-,[] fY Alt(n). Clearly (1) holds. 
(2) If n > 8, then ICAltJB)] ( 2’(n - 4)!* for every BE Alt(n). Since 
2 Q 1 we have that n - 21< n - 4. Since n > 8 and I< n/2, then 
O<(n/2)-4 and hence l<(n/2)-4+l<(n/2)-4+(n/2)=n-4. 
(3) PW,,,(,, (8)( for every BEAlt(n), 8<n {p,p+l, p+2, 
p + 3/p prime}. By (2). 
Proof of the Theorem. Suppose that G = AB is a finite simple group with 
2 I (IZ(A)l, IMW. BY our proposition, G is neither a simple group of Lie 
nor of Sporadic type. Finally if G - Alt(n) n > 5, let 8,, e2 be involutions in 
G, such that A s C,(B,) and B s C,(Q. Without loss of generality, suppose 
that O1 is a product of 1, disjoint transpositions and that 8, is a product of 1, 
disjoint transpositions with 1, > 1, and 0, = (1, 2)(3,4) **. (21, - 1, 21,). 
There is a permutation x E S, such that 8; = (1,2)(3,4) a.. (21, - 1, 21,). If 
rc @ Alt(n), then n( 1,2) E Alt(n) and 0; = 8, n(1,2). Therefore, we may suppose 
that rc E Alt(n). Now 8,O; = (21, + 1, 21, + 2) ... (21, - 1, 2[,) = O;O, and 
by [ 171 G = AB = c,(e,) c,(e,) = c,(e,) c,(e,y = qe,) c,(e;). But 
then by Ito’s theorem [ 121, G is not simple, a contradiction. 
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